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Introduction. 

In this Paper I have developed a method of dealing with questions connected with 
Anchor Rings. 

If r y 6 y (f> be the coordinates of any point outside an anchor ring, whose centra] 
circle is of radius c, then 

defy 



r 

Jo 



o v/( r2 + (? — 2cr sin 6 cos <£) 

is a solution of Laplace's equation, finite at all external points and vanishing at 
infinity. Let this be called I. Then dl/dz is another solution ; and two sets of 
solutions may be found by differentiating I and dl/dz any number of times with 
respect to c. These solutions are symmetrical with respect to the axis of the ring. 
In the first set z is involved only in even powers ; in the second set in odd powers. 

Take a section through the axis Oz of the ring and the point P, (r, 6) cutting the 
central circle of the ring in 0. 




Let CP = R and Z OCP = x . 
When R is less than c, the integral 



r 

Jo 



dej) 



o \/(V 3 + c 9, — 2cr sin 9 cos <£) 

G 2 



21,1.93 
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is expanded in ascending powers of R/c, and the expansions of the integrals, obtained 
by differentiating this with respect to c, are deduced. Section I. is devoted to the 
discussion of these functions, and some similar ones, needed in hydrodynamic 
applications. 

In Section IT. the potential of an anchor ring at. all external points is found in a 
very convergent series of integrals. The expansions of Section I. are not needed ; but 
the first few terms are reduced to elliptic integrals. The equipotential surfaces are 
drawn, for the ratios y, §-, f , f , 1 of the thickness of the ring to its mean diameter. 

In Section III. the potential of a conductor, in the form of an anchor ring, is found 
at external points ; the surface density at any point of the ring and the charge are 
also determined. Section IV. consists of a discussion of the motion of an anchor 
ring in an infinite fluid ; the velocity potential or stream line function for motion 
parallel to the axis, perpendicular to the axis, &c, being first determined. The 
kinetic energy is determined in the several cases ; and in the case of the cyclic motion 
through the ring, the linear momentum. In this last case, the solid angle subtended 
by a circle at a point near a circumference, is incidentally found. 

In Section V. the annular form of rotating fluid is discussed, when the thickness of 
the annulus is small compared with its mean radius. 

It is shown that the form of the cross section may be represented by 
R = a (1 + j8 2 cos 2^ + /3 3 cos 3^ +> &>o.), where /3 2 , /} s , &c., are of the second, third, 
&c, order in ajc. Their values are found as far as (a/c) 4 . 

To the second order 

©» __ fa y A 8c 5 V 
n 5 /a\» L 8c 17' 

A=sJ ( lo «7-i2 



The method employed throughout the paper has not the analytical elegance of 
\ Hicks' Toroidal Functions, but it has many advantages. The potential of an 
attracting ring takes a very simple form. The boundary conditions to be satisfied in 
hydrodynamical applications are very simple. The results are obtained in terms of 
R and ^, the quantities most obviously connected with a ring. 

I am greatly indebted to Mr. Herman, Fellow and Assistant Tutor of Trinity 
College, Cambridge, for the careful manner in which he has read over much of the 
work, and the many errors he has corrected. In consequence, the paper will, I think, 
be found free from any serious mistakes. 
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Section L — Preliminary Analysis. 

§ 1. Take a fine ring in the plane of x 9 y, centre at the origin, and consisting of 
attracting matter of density k cos n <$> 9 where <f>' is the azimuth of any point. 



z 




'X 



The potential of this ring at a point P. whose coordinates are r, 6, <f>, is 



(2tt 
ft 



k cos n<f>' cd<f>' 



o \/{ r ^ + & — 2cr sin cos (<f> — <f>')} 



Put <j/ = (j> + i/f, then the potential 



=f 



2ir clc (cos n<p cos m/r' — sin ncp sin w^r) <#\|r 
o \/{r 3 + c 3 — 2cr sin (9 cos i|r} 



cos n 



*\ 



2tt 



C^ COS nyfr dyfr 



o \/{ r2 + c 3 •— 2cr sin cos ^} 



as the second integral vanishes between the limits, 
Therefore 

COS 71(f) d(f) 



COSfl 



(it 
.7 



o </(V 3 + c 3 — 2cr sin cos <£) 



or 



cos n 



f1T 




cos %<£ d<f> 



o v^ 3 + c 3 — 2car cos (/> + GJ 3 ) 



is a solution of Laplace's equation, 
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Similarly 

cos n$ d<j) 

\Z{f -f $ ~~ 2cxs cos (p + cj 2 ) 
is a solution. 







Let V stand for either of these integrals. Then 

dcP dz c i 

is also a solution of Laplace's equation. 

For different values of p and q the solutions are not all independent : as it is easily 
seen that 



r 



cos n<$> d<j) 



o \/(~ 3 + c 2 — 2cm cos (j) + si 2 ) 

satisfies a linear partial differential equation of the second order in c and z. 

But two independent sets of solutions are obtained by giving different values to p 

. dW . fd\P fdV\ 
in -7— and v . — . 

dc? \dcj \dzj 

The only cases considered in this paper are when n = or n = 1. That is the 
solutions of the forms 



d \p f n 
del . 



dj> 



\/(^ + <? ~ 2crar COS </> + W 2 ) ' 



d \P _d f "" d0 



rfc/ dz Jo \/(^ + c 2 — 2cw cos ^ + t55 2 ) ' 
d \p C n cos <£ dej) 



C ° S * (& j f 



<S(Z* + C 2 _ 2m COS + C 2 ) ' 



and 



cos <£ 



/^V d ( n cos (j)d<p 



\dcj dz J o s/{^ 4- c 2 — 2cw cos <£ -f gj 2 ) ? 



as these cover all the cases to which the functions are applied in this paper. 
It is easily seen that 

cos </> d(j> 



r 

Jo 



x/{^ + c 2 — 2cm COS <£ + w 3 ) 

and, consequently, 

d y [ w cos $ <f <£ 



f 



dej J o \/(^ + $ — 2cm cos (f) + w 2 ) 
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are solutions of the equation 



d-GT 1 m dxz 



For putting \Jt = ot(£, this equation becomes 

cP4> dfy Id® 

1 3^9. "T 



<fe 3 <fe 3 



rf< 



w aw 



VJ' 



<£ = 0, 



that is, $ cos <£ is a solution of Laplace's equation. 



§ 2. Expansion of the Functions. — Let the plane through the axis of the ring and 
a point P, cut the ring in the two circles whose centres are C and C x . 




Let 



and the angle 



CP = K; C 1 P = B 1 ; OC = c ; 



OOP 



X- 



Also, for convenience, put 



and 



R 

s = — 5 
c 



I = log p' 



2. 



"When R is less than c the above integrals may be expanded in ascending powers 
of E/c or s. 



r 

Jo 



d<fc 



o \/{ r3 + c 9 — 2e^ sin # cos <£} 



^$ 




Ej 



2 __ 1>2 



A In 



sin 3 <f) 



2 r. 4E, , l 3 E 3 A 4B, 



2 3 1VV R 1-2/ 



l 3 ^ 3 E^ A 4E X 



2 3 4 s K* 



3.4/ + • ' •}• 



E 1.2 
[Cayley, 'Ell. Func.,' p. 54.] 
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pr 
J 



cos (j) d$ 



o \/{ r3 + ° 2 "" 2cr sin cos 0} 



2 fi 

2 





(2 


cos 3 4> ~ 


i) 


cl<f> 




v/- 


I 1 


Ej 3 


w 


cos 2 


$ 1 

w4 




COS 2 <£ 



3ff, _ 



El 3 



R : 2 - R ! 



X ~p ~ " 



2 V 



■v/U 



!V 



R 3 



Ei 2 



COS 3 (j) 



E 3 ~~E 3 7 , 
-y a<p, 



> 










RJ1 



T?2 

r7 



rr 
2 



^<£ 



^ 



o 



R2 
i 1 



R 2 



B, 9 



sin 3 <£ 



1 ^ i 11 ^L f] 4R i 



i\> .Zj Xti 



R 







it^ it"' . g 

- ~~ipr2 sm ^ <p 

S.h-1 



%ir 



<S i 







i . <£j 



"J" a . . 



£?<£ 



tj^ 



JLiji rr " 1 "'" 1 ""' JLv * O • 



X XSj f i 'XXAfi 



^ it. 



» ™— .™™ f — ^ ' ■"■ in i ■ i 1 ji Cj" — ~ — — ~~ 



2 



2 J 4Rj PR 3 / 4Rj 



R 



a 



2 2 T? 5 



R 



i . & 



mi>i-|mn» 



l 2 . 3 2 R* 



i . £ 

4Ri 



3.4 



-j- . ♦ . 



2 2 .4 2 R 1 H 8 R 



X • itml %} « ~fc 



I * * • 



[Oayley, <E11. Func.,' p. 54.1 



2 ■ 



r 
i 






5 Ios? 



4R 



2 + 



R 2 " ~ s R 



Ei 3 



A. 



7 



162 loir 



4E 1 



XV' 



R 4 "~ "° R 



225 



A. 



4 



12 Q 



O 



1 

| # 

j 



Now 



E x 2 = 4c 2 — 4cE cos x + K 



a 



R . E 3 



4c 3 ( 1 — - cos x + 



4c 3 



Therefore 



log 



4E^ 
~E 



E 3 



log 



8 



4c 2 ( 1 — s cos x + 



s" 



4/ 



s s 3 cos2v s s cos3v 

- cos x — t — ^ — ~ — "^ — &c. 



4 2 

,9. 



3 3 



Z- + 2 — -• cos x — 5 cos 2x — ~7 cos 3x — &c. 



8 



24 



4E, 3 16 



s- 4 
64 



s > i s l cosx+ £ [(1 + 2cos2x) + &c . 
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Substituting in the above expansions 



*7T 



d<j> 



o \/{r 2 + $ — 2cr sin 6 cos <£} 



2 



' ~T™ .6 



,s 






9 






16 



32 



o 



cos x 



cos 3^ 



'50/ +15 , 4/ + 1 



+ s ' 4 ( ~ 2048'" + T28 C ° S 2x ~ ^ cos 4 ^) + 



*7T 



cos <f> d<j> 



o \/{ r3 + c 2 — 2or sin cos </>} 



9, 



B 



-<U-* 



i 



cos % 



9 



~p <9 



2 



'5/ + 3 cos 2v\ , „ /10Z + 1 
__ _* j + 5 a / ~^— cos v — -gSj cos 3 X 



Nc 



>w 



9 
II 



+ 5 



?4 



'322/ + 35 , 20/ -3 



2048 



1 / s- 

1 — 5 COS X + j 



1 



+ -^- cos 2 X — A- cos x ) + . . . ] 



c 



1 + 



s cos x 



o 

O 



Q / ♦■-> 



5 



2 



+ s * UTs + T"fi cos 2 X + H ~ cos x + t cos 3 X 



64 



64 



Therefore 



9 



20 



35 



+ ** 1024 + 1024 C0S 2 * + 1024 °° S 4 * + 



*7T 



d<p 



o \/{^ + c 2 — 2cr sin cos 0} 



1 r / + 1 /2Z + 1 3/ + 2 

- jZ + 2 + 6- — - cos x + ^ 16 + Ta cos 2 X 



. , '91 + 3 . 151 + 7 

+ ^ f — ~~~ cos x + Vqq cos ^X 



16 



64 



± *y*ij 



And 



*7T 



4, / '10W + 27 , 60/ + 13 



2048 



o i 1051 + 34 \. , 

768~~ C0S 2x H 3072~~ C0S 4X ' + &C * 



cos <j)d<j> 



o \/{ r3 + c 3 — 2cr sin cos <f>} 



1 



c 



1 ' + < ? — cos x + *" ir + "IF" cos 2 * 



. o ,'33/ + 1 . 15/ - 23 



64 



+ —]^~ cos 2 X 



4 ,54 0/ + 27 240/ - 23 

l~" *^ V aA ^ "" "+ ~ 



2048 



MDCCCXCIIL— A. 



768 

H 



coo 2x + 



105/ - 176 
3072 



cos 4x ) + &c. I • 
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d f 71 " 
§ 3. To obtain tlie expansion of - .'-■ 

dc J o 



cZ^> 



E 






in ascending 1 powers 



must be differen 



of'—, the corresponding expansion of . ,_ . . 

c ± o i j o v /| r - 4. ^ _ 2cr sm # cos 0} 

tiated with respect to c, R and x being considered as functions of r> 0, and c. 

Now 

R cos x ^ c — r sin — c — «ar 

R sin x = r cos -- £ 

I heretore 



>. 



cos ^ 



sm x 



Solving these equations 



OE -~ . Oy 

«— he cnri v z: 


= 1 


OE , T . Oy 

~ + \i cos y ^ = 

(JC ' v CW 


- 


OR 

■ - = COS y 
(Je A 





> • 



R 



3 % 

0<? 



sm 



X 



A. sain 



81 



.Y 



Z 



and 



cos y ~z 

/v d. 

OR 



Xv sm 






""N 







> • 



^ 



sin x £ + R cos x v = 1 



Bz 



dz 



Solving these equations 



OE , _ Oy 

-X* = sm y ; li ~- 

CZ /v 0,o 



cos x 



From, these formulae it follows that 



and 



and that 



and 



Let us write 



( L 

dc 



d /cos 91^ 
dc \ E« 



dz 



(R" cos ny) 



d /cos %y^ 






*7T 



71 



cos (n + T)x 



E 



» + 1 



■^ 



(R M cos nx) = wR w ~ l cos (n — 1) ^ 



^ 



w/ 



— wR" x sm (?i — 1) x 

7i sin (?i 4 1) % 
"'r« + i """'"" 

d(j> 



> 



J 



i " 1 //V2 _i_ „8 



0' 



v / / (7* 2 4- ^ — 2cp sin cos 0) 
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Ij has been expanded as a function of R, y, an( l c * 

The expansion of dl } jdc may therefore be found by differentiating this by the rule 



cl d , 3 sin v 3 

do 8c^ COb *3R E d x 



It is rather simpler to use the formulae for d/dc (R m cos ny) proved above. 
Take, for example, the term 



This 



1 91 + 3 o 

- ~- s 6 cos y. 

c 64 A 



9^ + 3 It 3 ,, 

jti cos V. 

6 i c 4 A 



1 / 9/ + 3 
do \ 64 



R cos 



X 



(9/ + 3) W d 



64c 1 



v / T> v --^ C6 [ (9k -f- o) IV ! 

•:■ (li cos y ) + K cos y -- \ 
do s /v/ dc l 



64c" 



A 



64c* + 64c* 911 ***" +(i ' lM+ 64 9c 



9Z + 8' 



64 3c V c 4 



In performing the partial differentiations with respect to 11 and c, it must be 
remembered that I = log 8e/Ti — 2, and is a function of R and o. 
Let 



ii 



/ + 2 (_+_l Ecos x , J(2/ + I) E 3 (3/_+ 2)_R*_cos_2g 



c 



16c 



16 c" 



. (9/ + 3) E 3 cos v . (15/ + 7) II s cos 3 X , 



dl t 
do 






cos x ■ 1 + cos 2;^ 
cE 

(18/ - 



4c 3 



*■«■*■=*?* 



(8Z — 3) R cos % 3R cos 3y" 






128c< 



3)li* (j8Z-~8)R 3 eos2y 
+ 



128* 



32c s 

5R 3 cos 4y 

^ ""128? 



I 4~ 

r J t # » 



^ 2c 8 T 8c 3 ^ 1 



/?« 



(9? + 3) R 3 (IK + 7) g» cos 2y 



64c 4 



64c 4 



t*» i »« » 



I + 1 (2£ -f 1) R cos % 



*jC" 



(6/ + 1) E 3 (9/ + 3) E 3 uos 2^ . 

16c' 4 ^ 16c 4 r T • • » 



cos y 
cR 



'2^ + 3 cos 2y 

4c 3 T 4c 9 



(20/ + 11) E cos v , 3E cos 3 X 

32c s . T 32c s 



_ [ 0jL± 5 ^ Ra _l (J- 2 ^ + 9) K 3 cos 2 % , 5E 3 cos 4 X 
\ 128c* " + 64c 4 "*" 128c* ~ 



&C. 



IT O 
i <u 



52 
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From this dPIJdc* might be obtained, and then cftljdc*, &c., but in the question of 
an attracting ring there is a special advantage in using functions of the form 



1 dV' 1 
c do 



L 



wcill TdllS X^t XflllS 



I 



u 



a 



ty 



i dy- 1 r* _ 

c dcj J o \/ { ? * 3 + ° 2 — % cr s i n $ cos $ } * 



Also denote 



cos $ d<£ 



by J w . 



i ciy~ l r* 

c dcj J \/ {r 3 -f c 2 — 2er sin cos <£} 



The values of the functions are collected here for the sake of reference. 

(A) 



■*■! 



i r -j , , & + 1 . /2/ + i . 

~ s £ -j- Z -j- ~ COS V tS* ~p [ ~ ~ ~ -f" 



ol ~t" A 



2 



16 



16 



cos 2x)s 



. 91 + 3 15Z -f* 7 

+ ( ~" 54" cos X + "Y92""' cos y x J *' 



'},, .»3 



, /108Z + 27 , 60/ + 13 , , 105/ + 34 , , , , 
+ \~~~2048~~~ + ~~768~ C0S 2X + ~~3072~ °° S 4 * ) 5 + ' " 



T 1 f . /2/ + 3 . cos2 % \ /12/ + 11 

T a = ^ I cos X + ( — 4— + — 4- ) s + ( "~32~ _ cos X + T2 cos 3 X ) * 



_|_ j ™ T ___ _|_ ___ cog 2^ + T f ¥ cos 4x ) s + . . 



\ 128 



64 



.0 



r; 3 li 2 



cos 2j( + (| cos x + i cos 3x) s 



^ 



\ 



'o%l + 51 



+ I cos 2x + 3% cos 4^ ) s* + 



2! 



Ij, = ^ {cos 3x + (fees 2x + 1 cos 4 X ) 5 + . . .} 



•5 



o j 



j~ {cos 4 X + . . .} 



« 6 fi 



(B) 



riL 



(Z; 



5 



~7 « sin x + i Bin 2x « + — ^ :: sin x + Ta sin 3x ) s 



+ I -^— sin 2x + tIs siri * X ) 6 " 



,3 



JL 



32 
256" 



sin x H 2048~" sin 3 X + 2 48 sin 5 X ) s 4 + 



MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 



53 



dz 



,3 



7T 1 f 

2^1 \ s ' m 2 X + (I sin X + i sin 3 x) s + (f sin 2 X + A sin 4 x) s " 

/121 + 13 \ 

+ ( -"^rr sin x + i a 9 V sin 3 X + T l s sin 5 X ^ +' . 






04 



rfl. 



cfe 



2! 



iiii £ sin 3 X + (I sin 2 X + 1 sin 4 X ) s 

+ (ft sin x + M Bin 3 X + /a sin 5 x) * 3 + • • * 1 



^I 4 



"3 ! 

O i 



= - ;sii i sin 4 x + (1 sin 3 x + i sin 5 x) « + • • •} 



cl 



z 



4 i 



: ^ 6 -{sin5 X + . . .} 



c 5 E f 



^1 



(C) 

1 f, . /-l , /6/ + 1 , 3/ -4 

~ -< 6 + — — ~COS V 6* + —777 + — - - ™* '*- 

tf 2 \ 16 



_ cos ^ 1 5 ... 






tjO^ + J. 



COS 



X 



15J-23 

X »J aj 



cos 3x 6> 



,3 



. ,'540/ +27 , 240/ -23 , , 105/ - 176 , , 

T" I "~77n7o + «~ COS 2y + "™™ COS 4^ ) 3* 



2048 



768~" cos 2 X + 



3072 



"1 * ♦ * 



J 



2 



1 



'2/ 



4/ + 21 



— | cos x + (-—£- z + i cos 2 X ) s + ( — "H^ 1 cos X + iV cos 3# ) s ' 



. /12/ + 5 12/+ 19 
+ ( — TT^T 6 | — cos 2 X + if s cos 4 X ) s 



3 






128 

18/ + 1 

~ 2 56 ' ~ 



cos 



X 



35/ + 32 



A 



256 



T— COS 3 X + M" it cos 5 X $* + • . . 



tJ o 



c 8 E 3 



cos 2x + (f cos x + i cos 3x) s 



'52/ — 21 
+ ( " — ^r~ + I cos 2x + 3% cos 4x ) $ 



or, 

0<u 






m + 127 

-' 64 



cos x + -j^fe cos 3x + rls cos 5 X 1 s 3 + . . . 



2! 



J <a = ,71^ ^ cos 3 X + (I cos 2 X + i cos 4 X ) s 



+ (f I cos x + fi cos 3x + £$ cos 5 X ) s- + . . , } 



3! 



j^~ {cos 4 X + (f | cos 3 X + i cos 5 X ) s + . . . } 



Cli 



4! 



J e = :ct:?5 £ cos 5 X + 



e°l 



• # « i » 



54 



MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 



dz 



P) 



— -I sin v + 4 sin 2v s ■+ 



12/ 4- 11 . 



82 



sin x + ik sin 3 X j 5 s 



+ 



sin 2 X + rfs sin 4x ) s 



32 k 



, / 30/ + 9 . 360Z + 123 . , « k • r -, . 

-r i 256 oi "X 



V 



2048 



sin 3x + 2 of s sin 5x ) «* + • • 






6' 



1_ 
3 E? 



sin 2^; + (f sin x + i sin 3)() s + (i sin 2x + 3% sin 4x) s 



2 






""""64~ sin X + x! s sin 3 X + jis sin 5 X ) s 3 + • • • 



rZJ„ 

o 

tfe 



«>! 



= - ifJs ( sin 3 X + (I sin 2 X + i sin 4 X ) 5 



»1 



C'JLV 



+ (}-£ sin x + -^ sin 3 X + A s^ 1 ^ X ) s 3 '+ • • •} 



dz 



4) t 



~ {sin 4x + (I sin 3x + i sin 5x) s + • • •) 






4! 



' {sin5 X + . . .} 



C v Xi 



II 



The following formula? are useful for questions involving the stream-line function. 
They are obtained by multiplying the expansions just given for J ls J 3 , &c, by rs or 

c(l — # COS X ). 

(E) 



Jj_OT = 6 



Z + 1 , (2lj+ 5 / \ /3Z + 5 3/ - 1 . 

cos x * + ( -^g- - 1 ,. cos 2 X ) s~ + ( - >:r cos x - Tq ™ cos 3 X ) s 



2 



1( 



3 



64 



192 






1.2/ + 11 , J2/ + 17 



2048 






15/ - 8 



768 



cos 2x — wy™'" C0B 4 X) 6 + • • • 



J, 



OT 



1 f t /2Z-3 , \ , 

- j cos x + ^— j— - i cos 2 X J 5 4 



20/ + 17 






00s x — 32 cos 3x ) * 3 



. [201 + 47 8/ + 1 
+ ( - l28 — ( : ; , ( cos 2 X — lis c « s 4 Y I * 

, /1 8£ + 29 
+ { — gg- cos x 



: 25(r ; cos 8x — a" ^" cos 5 *) i>4 + • 



••} 



J 



3 CT - c sp3 



1 

— ■__. ^ 



cos 2 X + (l cos x — i cos 3 



X) 5. + f - -- Q - ■-- - — I cos 2x — 3 Jl 2 C0B 4 X ) s * 



32 



7 



194^ 4. 101 
+ ( " 6 "^~~ cos X — Ns cos 3 X — lis cos 5 X ) 5 3 + . . . 
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2J ' 

« T 4 OT = VpS ( cos 3 X + ( 2 C0B 2 X "" i C()S 4 x) 6> + (f i cos X ~~ M cos 3x — ih cos 5 x) 5 * + • • • } 



o 



,T 5 wr = ^~ {cos 4x + (f| fios 3x — ,i cos 5 X ) s + • • • » 



J 



■GT 



4; 






{cos 5^ +•••]• 



These five sets of formula} will be referred to as (A), (B), (C), (D), (E). 



Section II. — The Potential of cm Anchor Ring at an External Point. 

§ 4. The potential of an anchor ring at a point on its axis may be easily found in 
several ways. One simple method is to divide the ring into elements by spheres, 
having the given point as centre. 




Let QAR be a circle which by revolution round OP generates an anchor ring. 
Let C be its centre, and let OC be perpendicular to OP. 

With centre P describe circles, dividing the circle QAR into elements ; let QR and 
Q'R' be two of these circles. 

By revolution of the figure round OP we obtain an anchor ring divided into 
elements. 

AC = a. OC = c. PC = R PQ == p. 

I PCQ = 1/1 jL OOP = a. 



56 



MR. E. W. DYSON OK THE POTENTIAL OF AN ANCHOR RING. 



Then 



Therefore 



p 2 =z R 3 -|- a 2 — 2aTi cob \jj. 
p dp = aR sin *// <fi//„ 



The volume formed by the revolution of QRR'Q' is 



The potential of this at P 



2rrp rip. LM. 



2rrp dp.LM 



2rr 



4.rra /j c 



all sin ^ . ch^2a sin ^ cos a 

^/{E 3 -f a 3 — 2aR cos ^} 

2 sill 3 i/r $\Jr 



^/{R 3 - &Reosi/r + a 3 } 



Therefore the potential of the whole ring 



M 



7r 



-rr 



sin 3 t|t <^ 



, o\/{R 3 — 2a R cosi|r -f rr} 



where M is the mass of the ring. 




Let there be two anchor rings of different radii, but of equal generating circles, 
having the same axis and centre. 

Let C and C be the centres of the generating circles. 

Let P and P' be points on the axis such that CP = C'P'. 

If the densities of the rings be inversely proportional to the distance of the centres 
of their generating circles from the axis of revolution, that is, if the densities be 
made such that the masses of the rings are equal, then the above formula shows that 
the potential of the C ring at P is equal to the potential of the 0' ring at P\ 



MR. F. W. DYSON ON THE POTENTIAL OF AJST ANCHOR RING. 



57 



§ 5. The integral 



frr 



sin 3 i/r dyjr 



o \/{R 3 — 2all cos -v/r + c(?) 



may be reduced to elliptic functions. 
Let it be called I. Then 






IT 



sin %fr d (cos yfr) 



o \Z{S? — 2aR cos fy + & 3 } 



'7T 



— I cos i// v /{R 2 — 2aR cos \p + a 2 } c&// 



-^ JO 



JL f ( R2 + ^ 3 ) cos ^ - 2dR (1 - sin 2 jr) ^ , 
aR Jo" a/{R 2 - 2aR cos ^ + a 3 } 



Therefore 



31 



r? 



2 



r 

Jo 



^^|r 



^ + a 2 } 



o V / {R 3 "-2^Rcosx/r + a 3 } 



'R a 
a ^ R/ J 



'7T 



COS T^tfty/ 



o <>/{R 3 — 2&R cos yfr + cfi} 



Writing a for a/It, 



'7T 



^l/r 



3R Jo'v/U -2#cosf + a 3 } 



3R \ T a/ Jo v/U - 2 * COS ^ + a 3 } 



These integrals may be transformed by putting 



This gives 



Also 



Therefore 



or 



Therefore 



or 



sin (<jf> — xjj) = a sin <jf>. 



dxp = d<p \l -, — r -r 



COS </> 



sin <£ (cos ^ — a) = cos <£ sin i/>. 

sin 2 if) (cos i// — a) 2 = cos 2 <j> sin 2 t//, 
cos 2 xjj — 2 a cos i// + a 2 = cot 2 <j> — cot 2 </> cos 2 i//. 

cos 2 t/f cosec 2 <£ — 2a cos i// + a 2 .= cot 2 <£, 



(cos xjj — a sin 2 ^>) 2 = cos 2 (/> — a 2 sin 2 <f> + a 2 sin 4 <j> 

= cos 2 </> — a 2 sin 2 </> cos 2 <f>. 



# This metliod of reduction was given by one of the Referees. 
MDCCCXCIII.— A. I 
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Therefore 

Therefore 
1 - 

Therefore 

JL JlIUS 



£11 



id 



giving 



cos \jj = a sin 3 <f> + cos <f> x /(l — a 3 sin 2 <f>). 
2a cos \jj + ^ 3 = 1 + <* 3 — 2a 3 sin 3 $ — 2a cos <j) ^/(l — a 3 sin 2 <£) 

^(1 — 2a cos xfs + aS ) = {\/(l — ^ 3 sin 3 <£) — a cos <£}. 



« 



fyr 



^<jf> 



<\/(l ~ 2a COS i|r + a 3 ) ^/(l — a 3 sin 2 $) 



COS -^ rf^r 



a sin <£> + cos d> \/(l — a 2 sin 2 0) 



\/(l ~~ 2a cos ^ + a 2 ) 



^/(l — a 2 sin 2 </>) 



'•7T 



^l£r 



j a/(1 "" 2a COS 1^ -f a 3 ) 



3" 

= » i: 



clef) 



o\/(i- ~- a 3 sin 2 <j!>) 



2F 



ftr 

J'o \/(l — 2a COS ^ 4 a 2) 



COS yfr dyfr 



2a 



7T 

*2 sin 2 cf> d<f> 



2 



o */(l — a 3 sin 3 <£) ~ a 



(F - E). 



Therefore 



f Sill 3 i/r tftyr 



J0\/{^ ~~ 2aCOSi/r -f- a 3 } 



?j 4 F-^ a + i)(F_E) 






a \ a 

1\ 

a 



> 



3 I T -^ ( I "T 



1 



a' 



> • 



Therefore the potential 



V = 



4M 
87rR 



I 



1\ / 1 



a* 



a 



2 



> • 



Now 



7r r i 2 i a 3 s 

F = 2 1 l + I 5 "* + 2^ a * + & °" ^ 



an 



d 



E = - -U 

2? 



— - a 3 — T7-T7 a 4. 



>2 



2 3 .4 S 



Ac. U 



Substituting, we find 



V 



ML 

El 

^E 



a* — 



5 



8 



64 



a 



la 2 1 ^ 



1024 

5 cfi 



a 6 — &c. — 2 



l 3 .3*...(2ra-3)*.(27&~ 1) 



2 3 .4 3 . . . (2n - 2) 3 . (2n)\(2n + 2) 



8R 3 64 R 8 1024 W 



&c. —2 



a 



a 



m 



%i 



l 2 .S 3 ...(2^~~3) 3 .(2^~ ~--l) 
2 3 .4 3 . . . (2w - 2) 3 .(2^) 2 .(2^ + 2) K*» +1 



&c. 



&c. 



This series is less than the series whose general term is 



1 a* 



«v2;t 



2^2 E 8»+l 



and is therefore convergent if a = R or a < R. 
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§ 6. To find the potential of an anchor ring at any external point. 
When a = 0, that is when the generating circle of the ring is infinitesimal, the 
potential at the point r, 6 is 

M r jfy 



— . , — _ t 

^ J o \/{^ + $ -- 2cr sin cos <£} 

When 0=0, and r = z 9 i.e., for a point on the axis, the expression reduces to 
M/tt tt/R, i.e., to M/R 

d \ n r* d$ 



;'f 



c dc/ J o \/{ r2 + c 3 — 2cr sin $ cos <£} 

satisfies Laplace's equation, and at a point on the axis of the ring becomes 

— 7 ) ~77T^~Tx = (— O*-^ 1. 3. 5 . . . (2n — 1) ~, g ; i~ , , 

_, lV , 1- 3. 5 ... (2k - 1) 

Now at any point on the axis of the ring 

V ~~ \E 8B 3 64R 5 1024 R* &C ' ^2 3 .4 3 .. .(2^-2) 3 .(2?i) 3 .(2^ + 2) R 3 » +1 * C# 
Therefore, at any externa] point r, 0, 



> . 



V 



M 

IT 



{« d$ a? _d_ p d$ 

J o y/(r* + $ — 2cr sin 6 cos <£) 8 cdc) ^(r 3 + c 3 — 2cr sin cos <£) 



_ ^ /ay r~ — ^*- - + &c 

192 \c dc/ J o \/(i* + c* - 2cr sin (9 cos 0) ^ * 

V+i 2 ^ 1. 3. 5 . . . (2n - 3) MX* f ff d<j> 

+ v X / 2^ + 2 2 3 .4 3 .6 3 ...(2?i) 3 [cdcj J v / (r 3 + c 3 - 2or sin 6 cos <£) + C * 

For this series is finite at all external points, satisfies Laplace's equation, vanishes 

at infinity, and agrees with the value of V on the axis. The series is very convergent, 

as is seen by the next paragraph. 

§ 7. The integral 

d \ n r d$ 



LYf 

IcJ J 



c dcj J ^{f 1 + <? — 2er sin cos $) 

takes a simple form at points in the plane of the central circle. For, putting = 7r/2, 

it becomes 

d\* f * d(f> 

fdc) J o \Z(r* + c 2 — 2cr cos <£) 

I 2 
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Now 



m 



d<j> 



*7T 



d$ 



when r>c, and 



o \/{^ + $ — %cr cos <ft) J o \/( r ' 3 "~ c<2 sni2 $) 



J o V ( cS 



r 3 sin 9 <j6) 



when r<c. 

Therefore at points in the plane of x, y, further from the axis than the ring, 



V 



M 

7T 

fc-|—i|»n»M 



*7T 



d<f> 



■ .» ■ , & — n 



a* 



\/(r 2 — (? sin 3 cp) 8 



■ ff sin 3 j> d<f> 
(r 3 — c 2 sin 3 <^)^ 



(-i) 



n „ 



l 2 . 



3 2 . . . (2m - 3) 2 (2« - 1) 2a E 



« 



2 2 .4 2 . . . (2n - 2) 2 (2«) 2 (2n + 2) . (r 2 - c 2 sin 2 ^)»+» 



'IT 



&c. 



sin 2M <£ ^<jb 



-f- &e. 



And at a point in the plane of xy between the axis and the ring 



V 



M 



re 



d(j> 



a 



2 m 



d<j> 



it \ < o \/((? — ^ sin 3 (/>) 
1 2 .3 3 /. . (2ft 



8 J o (c 3 ■— r 3 sin 3 ^>)a 
3) 3 (2ft - 1) 2a 9 ^ 



cZ</) 



2 3 .4 2 . . . (2ft - 2) 3 (2?i) 3 (2ra + 2) J (c 2 - r 3 sin 3 <£) tt+ * 



&c. v. 



[ # The series in its general form must converge at about the same rate at which 
these two particular cases do. Their convergency is easily discussed. For 



*7T 



sin 2 * <j> d§ 



7T 



and r is > a + c. 

Thus 



(r» - c 2 sin 3 $)*+* (r 3 - c 2 )«+* 



7T 



7T 



77 sin 2 * 1 (\> defy 



Hence at ail points in the plane of the central circle, beyond the ring, the series is 
more convergent than the series whose general term is 



(- IV 
i.e., than the series whose n iAl term is 



2a 2 " 



1 



2ft (2ft + 2) 2W 



1 



a 



# 



ft (??, -f 1) \2<y 

Similarly at points within the ring, in the plane of the central circle, the series is 
more convergent than the series whose general term is 



a 



n 



ft (ft + 1) \2c — a) * J 

* This consideration of the convergency was inserted at the suggestion of one of the Referees, 
August, 1892. 
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§ 8. For the purposes of calculation, it is convenient to transform the integrals of 
§ 6 by Landen's theorem. 



h \/{^ — 2cr sin 6 cos <£ + c 3 } 



= 2 



>7T 

2 I 2 



o V^V - ( X V - E 3 ) « in3 </>} ' 



■— I / r R 3 — R 3 



4F 



where 



R + R, ' 



F 



and 



= p ^- 

J \/l — M 2 si 



\/l — //< 2 sin 3 <£ 



/x 



Ri — R 



R x + R 



> ? 



R and R x being the least and greatest distances of the point r, 0, from the circular 

axis of the ring. 

Now, 

_ dF tf^ _ E - fi'*F dp 

dfM cdc 

and 

dE dE ^ E - F d/* 



r;<&? 



/^ 



/3 c'rZc 



V . 



cdc dfi cdc 



M> 



cdc 



[Cayley, ' Ell. Func./ p. 48.] 



But 



Therefore 



R 2 = r 2 + c 2 — 2cr sin #. 



tlR 

do 



c-rm\0 4c 3 + W-Jl* 



R 



Similarly 



Therefore 



4cR 



dR x c 4- v sin 6 4c 3 4- R a 3 - R 3 



rfo 



R 



4cR 



^ _ (Ei + E) 



V7R X <iR 



f?C 



dc 



dc 



— (R 1 






(R x 4- R) 3 



rZP n dR 

2 dc J rfc., 

"IeT+eT - 

R x - R R 3 + R x 2 - 4c 3 
R x + R 2cRR x 






cos xjj ; 



where xjj is the angle between R and R x . 
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H ence 



cl 



fir 



6tC , 



d<j> 



-* - **««a ij- 



d 



y~ 



os/i^ — % cr s i n # cos $ + c 2 } c dc \E + E x 



e/ 



EE -f E 1 

JLvEi 



Differentiating again we shall find 



4F 9 ilr 



rZ \a 



Jo 1 



$£ 



.cdc/ Jo\/{ r3 ~~~ 2cr sin cos </> + c 3 } 

E (E -f* Ej) 



c 4 EE x 



2c 3 
2 cob 3 i/f — 4 cos l/f + p p cos 2\fj 



< Hn J w » 



F 



c* (E + iy 



5 + 8 cos \js — cos 3 xjt — 4 cos 3 »// 



4c ! 

T~>T> ^Ofe juXLI 

EEi 



Therefore, at any external point, 



V 



4F 



E + B, 



1 — 



a 



2 



8 g oos 



'xlr 

2~ 



i ?! 

J 6 8" ^i 



5 + 8 cos i// — cos 2 \f; — 4 cos 3 1// 



4c 3 



EE 



- cos 2i// 



&c. 



—■A*— 



E (E + BQ 
EEi 



4 



^ 



8c 



2 



COSX^ 



«/ j 



19 2 4 



2c 3 



2 COS 3 \fl — 4 COS l/f + rrrr- COS 2l// 

Eit^ 



+ &C. 



where $ is the angle between "R and R 1? and the modulus of the elliptic functions is 

I\ - E 

E x + E " 




i •» 



tf 



""""s.' 



\ 



\y 



I have calculated the value of V, retaining only the terms 



4F 



It -f- Ej 



l ^! 2 ±1 1 E ( R + R i) ^ 

¥ c 2 C0S 2 1 "~~prr~ — ft*2 cos r> 



EE X 8c 5 



for the values 



a = 0, - 



c 2c 8c 4c 



u <J *J 



, C. 
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and drawn the equipotential surfaces. The method consisted in drawing circles of 
known radii, with centres, and G x ; and finding the value of V at their points of 
intersection. 

In the most unfavourable case, where a = c, the value of the potential is not more 
than three per cent, in error at any point, the introduction of the terms in a 4 /c 4 
reduces the error to less than one and a half per cent. When a < c, the approximation 
is considerably nearer. 



Fig. 1, 








•010 1-071 



I-II4 M76 1-270. 



817 lib -640 



581 '530 



Equipotential surfaces of ring formed by the revolution of the point C about Oz. 



If Mass = M 
and OC = c 



} 



Then — is taken = 1 , 
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Fig. 2 




'995 1005 1039 M0IH19 1-153 



HO! 



'849 *705 



a? 



Section of Eqnipotential surfaces of the ring formed by revolution of shaded © round Oz. 

Mass = M. O0 = o, 

and — is taken = 1. 
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J} lg* €>» 




855-777 -71? -655 






*T«f • jl 

,1* JL&£ # ^ff * 




•714 «653 -614 -574 *S40 -510 ^ 



V 






K. 
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Fig. 5. 




>9I£ O 






619-577 -544- -515 






>555 - 
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Section III. — Electric Potential of an Anchor Ring. 

§ 9. The potential at any external point may be taken to be 

A X I X + & 2 A 2 I 2 + a 4, A 3 I 3 + &c. 

For this is a solution of Laplace's equation, finite at all points outside the ring, 
and vanishing at infinity. 

The constants are to be determined by the condition that at the surface of the ring 
the potential is the constant V . 

Using the expansions of § 3 (A.), we have that at any external point 



Vc^A 2 a+2 + ^- 1 s 2 + 



16 



108? + 27 
~~ 2048 ~ 



A 



+ A 2 CT 3 S 



2Z + 3 . 12? + 5 , 3l+A(r 4 



4~ + "T28~ S ' 



36/ + 51 
32 



+■ cos x 



7+1 , 9/ + 3 „ 



A ^"T" 6 '+ 64 



s 8 +A a - 1 + 



121 + 11 






s* + A 3 o- 4 



1 

is 



31 + 2 



+ cos 2 X ^ --— ~-5 3 + 



20Z + 4^ 



3 o4 



16 



256 



«* +A 2 (T 3 i + 



12[+_9 
64 



oS 



+ A,o* A + f ) + AX | 



+ cos 3 X < 



A i "^r 1 * 3 + A ^ s 1 + ^ I + A ^ 6 1 - 



+ cos 4^ i A] 



64 
35/ + 114 , 



1024 



<r* + A 2 <r* T f ¥ S* + AX A + AX -- + AX £} 



All terms have been retained which will, when R is put 

the order cr 4 . 

dV __ dV __ dV 

dn dH a ds ' 

s being put = cr 5 after differentiation. 
Therefore 



a or s put = cr, be of 



ac 



dV 

dn 



X 



27X 



HM-'+« , + si'H-W 



128 

'X . 27X 



2 



+ o-cos x ^A l (- + ^o- 2 ) + A 3 ( -1 + 



12A, - 1 

64 

12\- 1 



<T 



2 






cr 



+ O" 2 COS 2^ -{ A x 



6\ + 1 , 10X -i _g\ j_ A 12X + 3 _ 3 



+ <r* <*>s 3x A x -~ ;~- + A 2 ^ 



16 

15X + 2 

64 ~~ 



32 



o» +A, 



29 



O" 



A 3 i - Afc 6 



, , . 140X -f 10A , . K . 4 . 

+ or" cos 4 X ^ A x — io24~ + A * "& "" A * - 24A * ^ ' 



- 9 - A rr 4 
8 ^-3°^ 



2\ _ 9 



A, 



cr 



4 XA -3 



2A 3 — 10A 4 (T 



.2 



K 2 
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1 dV 



The density at any point is — . . 
The charge 



i ccdv 



, 18 7 CtS 

4tt J J an 

.o Jo 47r cln 

ac [ 2ir dY ,„ N 7 

= " 2"] ^TV 1 "" ^cosxJrfx 



(c — a cos x) ci dy clef) 



o 



rifo 



= 7rA x . 



This value is evidently correct, for the potential at a great distance is A. l J l or 



Ajl 



7T 



^<£ 



7tA x 



o \/^ 3 + c 3 — 2cr sin 6 cos <£ r 



Putting s — a in the expression for V, we find 



A 2 — 



A ( X + 1 _ 12X * ± 23X ± 8 2 



A 3 — — A l 



A 4 — 



A 5 - — 



XJL-i 



16 " 

^ — f 
128 

5\- 6 

6144" 



64 
12\ 3 + 21X - 1 «f 



256 



Substituting these values we find that 



_A X 



V = =?U + 2- 



4\ 2 + 8X + 5 
16 



o» + 



192X 3 + 416X 3 + 448\ + 171 



and 



1 ^V A, 



4-7T cfo- 47rac 1 V 2 

8\ - 1 36\ 3 + X + 13 



2\ + 1 24\ 3 + 7 9 \ /a* s 

v )( — + (T cos x 



64 



16 



128 



or d z COS 2^ 



,2 
16X 



o 



64 



cr 3 COS 3 X 



O" 



fc , &c. 



11(8X-1) 4 , 



[The capacity (g) 



ttA^V 

7TC/JX+ 2 



4X 3 + 8X + 5 , 192X 3 + 416\* + 448X + 171 



16 



or -f" 



2048 



or 



.4 
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When 

o- = 1 X = 2-3820 — = 4-3820 - '0286 + '0003 

1 

a = 2 X = 1-6889 — = 3'6889 - -0798 + "0022 
o-~3 X= 1-2834 —= 3-2834 - -1229 + -0073 
<r=4 X= -9957 —= 2*9957 — '1691 + -0152 

o-=5 X = 7726 — = 2-7726 — -1818+ "0260 

9. 

The numbers are given which arise from each term, as they serve to indicate 
roughly the convergency of the series. 
They give 

q = '7216c for cr = 1, 

q = -8700c for cr = 2, 

# = -9917c forcr=3 5 

q = l'106c for cr = 4, 

g = l*200c for cr == 5, 

which agree with some figures given by Mr. Hicks in the ' Phil. Trans./ 1881. Aug., 
1892.] 

Section IV. — Motion of an Anchor Ring in an Infinite Fluid. 

§ 10. All cases of motion of an anchor ring in a fluid may be found by 
compounding 

(i.) Linear motion parallel to the axis of the ring, 
(ii.) Linear motion perpendicular to the axis of the ring, 
(iii.) Rotation round a diameter of the central circle, 
(iv.) Cyclic motion through the ring. 

Let $ be the velocity potential in cases (i.), (ii.), or (iii.), and M* be Stores' stream- 
line function in cases (i.) or (iv.). 

Then (a) <I> and M* are single-valued functions ; 

(6) They and their differential coefficients are finite and continuous at all 

points of the fluid, and vanish at infinity ; 
(c) <£> satisfies the equation V S <E> = 0, and *¥ satisfies the equation 

d*V , d*V 109 

dz % dm 1 * m dm ' 
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(d) d<&/dn has a definite value at the surface of the ring ; 
SP has a definite value at the surface of the ring. 

The different cases must be considered separately. 

Let the figure represent a section of the anchor ring through the axis Qz, at an 
azimuth <£. 




Let P be a point on the surface and let /^ OOP = y c 

(i.) When the ring moves parallel to Oz, with velocity w ; 



d$> 

— - = w sin v< 
an /v 



(ii.) When it moves parallel to Ox with velocity u. 



d& 

chi 



u cos x cos ( f } - 



(iii.) When it rotates round Qy with angular velocity w 2 , 



dn 



™ — Co> 2 sin x cos <£• 



The stream function for motion parallel to 0^ ? with velocity w, satisfies at 

surface the equation 

(i.) *fr = C + -J w (c — a cos x) 2 . 

For the cyclic motion, 

(iv.) ^ = C at the surface of the ring. 

The formulas of Section I. show that we may take 



the 



A 



d\ 



dl ( 



dl. 



1 dz + A ^ ~dx + Aaa * "dz + &C * J ^ CaSe ^ 



<l> = 

<$> — {AjlJjl + -A 2 a 2 J 2 + A 3 a 4 J 3 2 + &c.} cos </> in case (ii.) 



dJ 



o> = 



dS. 



r dJ 

-{ A 1 ~ + A 2 a 2 ^ + A 3 a 4 ~jf + &.c. [ cos <i in case (iii.), 



d 



dz 



dz 
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and that we may also take 

^ = r sin 9 {k. r 5 l + A 2 a 2 J 3 + A 3 a 4 J 3 + &c.} in cases (i.) and (iv.). 

A 2 , A 3 , &c, are constants which must be found separately in each case. 

§ 11. Motion Parallel to the Axis of the Ring. 
Let the ring move with velocity w parallel to its axis. 
The value of the normal velocity is w sin x a ^ the surface of the ring. 
At the surface of the ring R == a. 

Let a = a/c = value of s or R/c at the surface of the ring. 
Let X = log 8c/a — 2 = value of I or log 8c/R — 2 at the surface of the ring. 
Let us assume that 

ci> = At - 7 j + Aoa 3 ^ + Aoa 4 ™ + &c. 

Then A x , A 2 , &c, are to be chosen, so that 

-r 1 - = tv sm v, 

dd> 

-f- = cttf sin y. 

Differentiating the formulae (R) of § 3, we find 



^ /dl x \ __ 1 J . 
ds\dz I c 2 s 3 



sin x — ( -gg-" sin X + A sin 3x j s % — f -^- sin 2 X + a 5 * sin 4 X ) s 3 

8^ + 3 . , 360Z + 183 . , 10 . . c \ , 

-ggg- sm x + -~ 2048~ sm 3 X + 20 48 sin 5 X J s 4 - &c. 



d ld\ 
ds\dz I c 4 s 3 



2 sin 2x + (1 sin x + i sin 3x) $ 



■~^~— sin x + i¥s sin 3 X + rts sin 5 X ) s 3 — ■ &c. 



ds\dz ) ~ e 6 s 4 



3 sin 3x + (f sin 2x + J sin 4x) 5 



+ (xf sin x + if sin 3x + 3% sin 5x)s 2 + &c. 



Ts \te) = #? l 4 sin 4x + ^ sin 3 X + 1 sin 5 x) s + • • •} 
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At the surface of the ring s = <r = a/c : and we have the following equations to 
determine the constants : — 



A , 4X -f 1 18\ + 3 

11 32 256 



a*) + A,(fa» 



~~"~~64 



or 



+ ^A 



1 5 _4 ^9 



3 8 



cr* = a' civ 



ill I mmmm 



6\+ 3 

32 



cr 3 ) + 2A 3 + A 3 5<r 3 







3 
3 2 



360X + 183 



2048 



o-* +A 3 (|- 1 ^ 8 -^) + A s (6 + l|<r 3 ) + A,^ o . 3=0 



_1Q5 
2048 



-A-i "" xfl^s + "A ^3 4" 2-A.4 "•" 120A 5 — 



^ 



J 



These equations give 



A 1= = 



n , 4X + 1 2 . 16X3 + 8X - 23 . 2 



32 



1024 



A 3 — 



12X, + 1 
128 



o^aPcw. 



Aq — — 



-3 



1 /- . 360X + 57f . 2 



iX/L — 



A R = 



384 
_5_ 

2 H 



a a cw>. 



a 3 cw. 



Thus 



$ = a 2 cw; - 



1 + "32~ °" + • • 7 !te + ~128~~ °" a rfJ + • • ' I • 



The kinetic energy is given by the equation 



2T 



— off 



an 



r2rr 



pw 27r (c — a cos x) sin \ <E> a<ix 

JO 



r27T 



2irpacw ( sin x — - sin 2x ) <£ <% 



— 0^.2 



ac 



G (T 



xj_1 ! J. ~t" 



4X + 1 



32 



- G" 



2 



-^-o" 2 j+ A 3 cr 2 (J;^- 



12^ + 1 

vJtc 



cr 



2 



+ A 3 cr*-|l 



J 



MwMl + ^V^ 1 o- 3 + - 



1 6\ 2 + 8\ - 23 



16 



X.JU 



QT* -4— 



•i 



where M is the mass of the fluid displaced. 



MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 



73 



§ 12. Velocity Potential for a Ring moving at Right Angles to its Axis. — The 
velocity potential * is of the form 

{ApFj + A 2 a s J 2 + A 3 a 4 J 3 + . . .} cos <£. 

The constants are to be determined from the condition that the normal velocity at 
the surface of the ring is — u cos x cos <£• 
Thus 

d<& 

— = — u cos x cos <j> 



d<& 

els 



= — cu cos x cos <£. 



Now the formulae (C) of § 3 give on differentiation 



dJ l 1 



cs 



, , l - 2 f /3i — 1 , 6Z — 11 \ 

1 + -~^~~ 5 cos x + ( — 7 — + — ;ir~~~ cos 2^ ) s 



2 



/ 



, f '99i — 30 , 15? — 28 rt , q 

+ ( ~-rr™~ cos x H ^ — cos ^ X ) s 



64 



64 



, .'135Z-27 . 240Z-83 rt , 420Z - 809 . , 

+ ( iao + — 7S5T- cos 2 x + — ^T~~ cos 4 X * + * 



128 



192 



3072 



rJT 

2 

6?S 



C 3 S 2 



— cosx 



s 



'41 + 



\ 



32~~ cos X - A cos 3x) * 



+ 



12J- 1 
64 



^— cos 2 X + #4 cos 4 X ) s s 



' 54Z - 15 _ 10 52 + 61 

+ ( 256 cos x — - 2g6 



cos 3x + -ioiS cos 5 XJ s4 + • 



Ci(J n 

___ o 



C 5 S 8 



— 2 cos 2^ — ( f cos x + i cos 3^) 5 — \- ,s >s 

/ 20? + 107 01 \ 1 

+ f v " gj— cos x + -ris cos 3 X + rls cos 5 X J s 3 + . . . J. 



<2J 



4 



ds 



7q4 



C'S 



{ — • 6 cos 3 X — (10 cos 2x + cos 4 X ) 5 

— ( A 8 X cos x + fi cos 3x + -re cos 5x) + . . .}. 



*} "if* 

CM* 

ds 



c% 5 



{ — 24 cos 4x — m A cos 3x + f cos 5x) 5 — . . . }. 



a 



13 



6 



ds 



C ll sP 



{ — 120 cos 5x — . . .}. 
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b 9 >84 



^ -6 — 2 14 C 



The kinetic energy is given by the equation 



2T= -ll*^c?S 
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Therefore, the equations giving A 1? A 2 , &a, are 

A, (- 1 +^f±o* + ^^ a*) + A 2 ^(- 4 + '"^P 1 - 2 )- A,¥^0. 

+ A,a* (- f - 20^127 ^ j _ ^ A ^ 4 ^ _ ^ 
. /6X-11 , 240X-83 ,\ , . . / 12X + 13X oA in 2 . A . 

+ A 4 (-6~fi^)-^cr«A 5 = 0, 
. 420X- 809 , , . . _ . . „ 

K — ^ — + A A s - A 4 - 24 A 5 = 0, 

ti& A 3 + xfs A 3 - •& A 4 , - f A 6 - 120A 6 = 0. 

These equations give 

A x = - ! (i - 7) <*«. 

. r 12X + 1. . , 48X 2 + 344X + 159 \ , 

A 18X + 7 9 ^ 
A 3 =-^r 4 "- 3 ^ 

A * - V64 384 a J C U - 



= f*f* { A x Ji + A 2 a 2 J + . . . } cos ^ u cos x cos </> (o — a cos x ) a <^X # 

Jo Jo 

= Tracw J" {A^ + . . .} {cos X - | - | cos 2 X Jd X . 
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This is evaluated by picking out the coefficients of cos x , &c., in the expansions of 
J lf J 3! &c., given in § 3 (0), and 



= irau < 



A, 



x + l 



cr + 



3X + 5 
64 



o- 8 ) + AJo- 



20\ + 17 



32 



cr 3 -j- 



18\ + 29 

256 



a' 



+ A 3 f<7 3 + A^<7 5 



Lfe 2 



1 - 



12X + 5 .-rg i 



144\ 2 + 24\ + 57 
512 



cr 



> • 



"§ 13. Ring rotating about a Line through its Centre in the Plane of its Central 
Circle. — The velocity potential <E> may be taken to be of the form 



A j —r 1 + A a 3 — - + . . . 



dJi 

1 cfc 



rife 



cos <£. 



The constants A l3 A 3 , &c, are determined by the boundary condition 



or 



cm 

d<& 

ds 



— cco 2 sin x cos <^ 



— c 3 g> 2 sin x cos (jfe, 



Differentiating the formulae (D) of § 3, 



d /dJ l 

ds \ dz 



A 3 



1 £b J. , 

go X 



' sin x + ( ^^r— sin x - A sin 3 X I *- 



+ ( — ™ — sin 2 X — ■£$ sin 4 X j s 



3 



32 



90^ 



O 



1080Z + 9 . 



+ i ( L ~^~ sin X + — ^4§~ siri 3 X ~ ^cMr sin 5 X ) ** 



rfs \ £<fe 



6 l3 S 3 






2 sin 2x ~f (f sin x + i ^ n &x) s 



351 



64 



sin 



X 



„ 3 

128 



sin 3x 



T 2"8 S111 ^X j S ' I • • 



[ 



d MJ, 



1 



rfs \ dz 



— ^ sin 3x + (5 sin 2x + sin 4 X ) s 

+ (*ir sin x + ji sin 3x + tq ^ n 5 x) ^ + « * -J 









= -J2 ( 24 sin 4 X + (*£ sin 3 X + 1 sin 5 X ) s -f . . .J 



d 

ds 



'dJz 
dz 



= -12 120 fcin 5 X + . . 



Ij £4 
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The equations to determine Aj, A 2 , &c, are, therefore, 



K 1 + 



12X-1 

32 



(T Z -f 



9 OX 



o 



256 



a* + A 2 <r> | + 



36\ — 5 
— g -— 



cr" 



18X 4- 1 

A x "^- cr 2 + 2 A 3 + 5A 3 cr 3 

A / 3 J_ 1080X + 9 



-£Xoly q 



s 



ah 2 w z 







2048 ^) + A 3 (l- T f3<x a ) + A 3 (6 + iicr 3 ) + A 4 ^^=0 



*\ 



> 



*— -g ^ A.j -p- A.g -p Z4A.^ — 



~~ "2oT8 Aj — xas" A-a + i% A 3 + f A 4 + 120 A 5 = 



-/ 



These equations give 



-^-i 



12\ i — 1 o ■ 144X — luoX + 21 |i CT J, 
1 — — ^ — or-" + -777^7 ~™ ar* J a z C*a> 2 ; 



32 



1024 



A 3 — -j- 



36\ + 7 o „ 9 
-£jg— <r.aVa> a ; 



Ac 



! 42X + V T 



64 



w [■mi in 'i inn wiuMllt— WIMWI 



512 



<x s ) a s c 3 a> 2 ; 



A,i 



1 2 2 
3"8lt ^ C ^2 * 



J\.t 



§ii a a c 9 a> 3 . 



The kinetic energy is given by the equation 






= -f 



an 



r2w r%ir 



dJ l 



,3 ^ 



o Jo 



\ 



co 2 sin x (c - <* cos x ) ( A x ^ + A s a 3 ^ + . . . J cos^a d x 



= 7TCIC (0% 



•2u 







(sin x - Jsin x )(A 1 — ' + .. . )d x 



racffl 



3 



12X-1 , , 144X 3 - 168X ■+ 21 

/j*-** „J— ——— 



.3„2„3,.. 2 J 1 1 _ ^^ Q* _[_ — ^^^ ll^ ^Jd 



32 



1024 



12X + 15 „ . 6X + 11 



32 



O" "T" 



256 



a 



4 



36x 4-7 g °" 



.2 



3 



_ _ j 1 2. -A 

4 • 6 4 • 8 °^ 



I 



M^Mi - 



1_2X +_7 
~16 



fwm&f m |.. ni 



18\ 3 - 3\ + 5 
64 



cr 



© e 6 f * 
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§ 14. — Stream Line Function for a Ring moving parallel to its Axis, and for the 
Cyclic Motion through the Ring. — Let the velocity of the ring be to, and the circula- 
tion be k. 

Let \jj be the stream-line function. 

Then 

cPyfr ctfty 1 d'sjr __ 
cl$ civs 2 m dm 

at all points of the fluid. 
At the surface of the ring 

\jj — \wm % = const., 
or 

\fj = Ak + w$ f B — <x cos x + "7 cos 2x) # 

We may therefore assume i/f to be of the form 

{A^tar + A a a 2 J a w + A 3 a 4 J 3 73 + • - .}. 

Using the values of J^ot, J 3 sy, &c, given in § 4 (E), 
The equations giving the constants A l5 A 2 , &c, are 

A / X + ?L±6^ 12X + H A Aa ,/2X IL 3 20X+J7 
Al l A+ 16 "^ 2048 M+^M 4 + 128 " 



52X - 57 



+ A 3 cr 4 '-^- — = Ak + Bwc 2 



A 1 (-^ + ^^^)+A 2 (-|-^^) + A 3 (l-|^) + 2A 4 ^ = ^ 

A ^Zll _ A» _ ^8 + 2A. = 

1 192 32 4 ^ 4 

. 15\ — 8 A, A, A, , „ . 
1 3072 128 32 2 ^ 5 ~" ' 

Another equation is found by using the fact that the circulation is k. 
Integrating round a circle concentric with the crosss-ection (radius < c) 9 we have 



y 



i2tt 

ld^ 

m dR 

o 



K = 1 ! — --drlE^X 



d . f A T , * _»T , 1 ^ d X 



\ A l J x m + A 3 a 2 J 2 st +...}- 



a?R h 1 x • ^ ^ c — R cos y 
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Differentiating the equations of § 3 (E), 



/ T \ 



dR 



R 



1 — • r s cos x + ( -7— — "ITT" cos 2 X s 



4. 



16 



. (%l + 12 31 - 2 

+ ^___ 00SX ___ 



cos 3 



3/ + 2 , 6/ + 7 



x r + rT28- + 



96 



cos 2 X 



60/ ~~ 47 



3072 



- cos 4 X * 



>4 



rfR ^ 2 / ~" 



6xV 



cos 



X 



s 



201-3 



32 



cos x + T2 cos 3 X F 



. 20/ + °7 0/ — 1 T \ o . 1 

_|_ j — _ — _ __ — cos 2^ — .Jj cos 4x ) ^ d + . . . t- 



64 



16 



rf 



1 



r 7ij( J 3 OT ) = ISS {- 2 cos 2 X - ffcos x - |cos 3 x )s - ^s 3 . . .}. 



dJB 



Also 



(? — R cos % c 



(1 — • scos x ) 



-1 



1 



s 3<s^ <? 

1 + 2+ — +2cosx^(l + 



3s 3 



5s^ 
i" + "8 



Therefore 



s 3 



S 3 



+ 2 cos 2 X r-(l + $ 2 ) + 2 cos 3 X r + • . . 



4 



8 



>* 



%2a cl /T v R dy 



£'R 



c,-Eeos % 



27T 



o 4 



! + 2 + T + - 



1 — j_ ^ ,S 

4 



3^ + 2 



128 



>4 



+ 1(1 + 



OS* 



4 



, 9/ + 12 A 2/ 



00 



64 



5 -f- * • . 



Similarly 



2tt 
c 



* 2v d /r . R dy 
dR v 2 ; c — R cos % 



c 



7T 
3 



Therefore 



* 2?r A 

dR 



(J 2 ct) 



R^ 



% 



R cos y 



3 



3 



7T 



6' 



jti 



K 



2tt 




1 n — ^ — r ^ 



c 



-j- . . 



2ir 



— — [A. } + A 3 cr 3 + 3A 3 cr 4 + &c.}. 
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Thus we have, in addition to the equations above, for the determinations of 

A 1? A 3 , &c, 



fCC 



Air 



Solving the equations 



A l = WC^or 2 1 1 + 



4A "f* I 



32 



or Z ) + 



tec I X + 1 

2tt V 2"*" °" 



2 



4\ 3 + 17X +J> 



O" 



A 3 — 



^c 3 1 + • 



4\ + 1 



< ^ ^ ' i 



/T* I in I— 



tec [X + 1 , 4\ 3 - 19X - 18 \ 



;7r 






64 



cr 



J\.< 



— t*;cV 2 



12\ — 1 , tec /3\ + 2 , 12\ 3 + X + 1 



128 "I" 2tt I 16 + 



256 



0" 



2- 



J^^ A ««■«■"* 



"4 



t^C 3 -^4 + 



tec 9X + 10 
2tt 384 



X-Lf 



fit}/*'* .I..... -*• t— I 

^ C 256 T 



tec 81X + 56 
2ir 18432 



Substituting these values we obtain 



A «— 



c 






7T 



4\ 2 -f 8X + 1 
16 



cr 



2 



• : , : QA 

64 



B 



cr 



3 J 



2X + 3 , 4X» + 5\ - 2 



N«1n* 



64 



o* 



The kinetic energy is given by the equation 



T 



Trp 



r2rr 



ft) 



(111 






x 



i7T 



q 



A/c + wc? (B — cr cos X + T cos ^X) ^ 
TTp 1 4 d\jr 

c — • a cos x dJ& 







a^X 



«y> £ { Ak + w* (B -i - ^)} (- l§) ad 



X 



-_ (1_o-cobx)^<*x 



77/>Ak s 4" ^p^ 2 ( B ■— ' -|- 






+ Trifle 



xX| I 1 



4 



* + 1 . 3 . L ^_i_r „ 4 



o" a + '^r 1 c/) - A 9 ^L±i? o* + f A 3 o- 4 " 



-3 



irp \ Ak 2 + c 2 /cw ( B — \ — ~r + | 



64 
X -f* 1 



cr 



2 



2 32 
4X 3 + 5X — 2 



64 



cr 



.4 



+ w 2 c 3 cr 2 f 1 + 



4X+1 
16 



& 



r . 



J 
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The coefficient of kw vanishes, as it necessarily should (Basset, ' Hydrodynamics/ 
vol. 1, art. 171), and the kinetic energy of the forward motion and the cyclic motion 
is given by 

2 T = M^( 1+ -±V + ... 

+ pa^iA- — <r* — — - — — TT~~~~ — °" + • • • ) • 

The first part of this result agrees, as far as it goes^ with the result of § II, 

§ 15. As the cyclic motion through a ring is of considerable interest, it seems worth 

while to give other proofs of some of the above results. 

To find the circulation we may integrate the velocity along the axis of the ring 

from — oo to oo ? and then along a semicircle from oo to — oo. 



\jj = {A 1 J 1 ot + A 2 a s J 3 ct + »»»}• 



* 



The velocity of the fluid at any point on the axis is the limit of - -— , where mm 

indefinitely small. 

Consider the part arising from the term AjJjOT or 



I7T 



» I st cos <f> d<J> 

1 ^ s/{f + or 3 — 2otc cos <£ -f c 3 ) 





kJf 



T , t • . , r * A-, cl I ot cos cf> d<f> 

It = limit ol a r ' 



tar cfo 1 \/(2 3 + w S ~~ 2wC COS <f> + C 2 ) 







>«• 



,. . , « I A, (V + c 3 — we cos <f>) . 7 , 

limit or 1 ----- -+ v ■-- - JE -~ —3 cos A a6 

1 w {z* + w- — 2wccos 9 -f <r) 9 r r 



o 



>rr 



v . . „ t A-, / ore COS A\ /„ , 3tarC COS d>\ , 7 r 

limit ot 1 —rz-rzi 1 — "~ir — ? 1 + - — — v 1 cos d> a$ 

\ w (s 3 + $f \ & + c 3 / \ J s s + c 2 / r r 



TrAjC 
___ _ 



3 * 

2 



We may notice that at the centre of the ring this 

ttA, 



,2 



•l 



# As we are only considering the cyclic motion, only the parts of A 1? A g , &c, which involve #, are 
denoted by these letters now. 
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Again, the part of the velocity of the fluid arising from the term A^tn- in the 
stream function along an arc of a very great circle whose centre is at the origin, is the 

1 cl 
limit of — (AjJiw) 



m dr 



= limit of — 

^_ 7r AjC sin # 
— "2 ^ 



A x f*" sin (c 3 — c?* sin 6 cos <jb) 



r sin 6 



(r 2 + c 3 



2cr sin cos <£)< 



cos cj) d(f> 



Therefore, the part of the circulation rising from the term A^ot of the stream 
function is 



•00 



7rA-,C 



■00 



(z* + $y 



» efe 



" + Jof 



— ~ A 

— ill • 



w 7r A a c sin # 



,y»C 



rdd 



Now the part arising from A s a a J a rar 2 or 
tion with respect to c, and 



d 



A 2 a 2 -y (Ji^r), is obtained by differentia- 



— - l\*nCC „ 



Therefore, the circulation is given by 



2tt 



K ==■ 



A 2 + A s cr 2 +1.3 A 3 cr 4 + 1 . 3 . 5 . A 4 cr 6 + . . .> 



agreeing with the result already obtained. 

We also see that the velocity of the fluid at the centre of the ring is 



^ A,a»4^l + ... 



7T 



C* 



3 c dc W 



{A l + 2a 5 A 3 + 8o- 4 A 3 + • • •} 



The kinetic energy of the cyclic motion may be obtained simply in the following 
way — 

d<$ 






\ K !n d8 > 



the integral being taken over a barrier. 
This 



^p^b 



1 dijr -, 7 



d 



m 



= 2irpK 



d^fr 

-7™ CITS 

aw 



MDCCCXCIII. A. 



= 2irpK (\fj n — i// A ), 

M 
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where t// e denotes the value of \jj at the surface of the ring and \b A at the axis. This 
result applies to the cyclic motion through a circular ring of any cross-section. 

We have taken \fj A to be zero, and called *// E , A : so that we have T = irpic A. 

The Linear Momentum of the Cyclic Motion is parallel to the axis of the ring and 



iff 



1 cty 
v$ dxs 



w dns dz d<f> : 



the integral being taken all over the fluid. 
This integral 



'a 



A 



= 477/) 



00 



dz 







d^r 



d 



d 



m 



m 



■ 00 



— 47r P ( X K — <Ab + x h ~ ^a) dz + 4ir/> (^ — xjj A ) dz. 

JO J a 




We have taken *// A = 0. 

\fj is constant on the ring, so that 



$w — */> 



R 



0. 



Therefore, the resultant linear momentum 



/•OO 



= Anp \Jj^ dz, 

i o 



where x//^ means the value of \jj at an infinite distance from the axis. 
Consider first the part of xjj^ arising from the term A x J x st. 
This is the limit of 



where zj is infinite. 
This 



A f *" & cos <f> dxj> 

1 J o \/ (^ 3 + c 2 — 2tarc cos <£ + ot 2 ) 



-A, 



7T 



m 



o v / (ts 2 + s 3 ) 

3 



1 + 



TSCCO$(f) 



cos <£ J<jf> 



. 7T cm 

A 1 - 



2 (bf8 + z*f ' 
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Therefore the momentum of the cyclic motion is 



4tt/) - ( A-|C — A 



a 



2 



2 



2 



A 



a ~ C F 



a" 



1 i y • xi-^f • r J * • 



2tT* 



.2 



'^{Ai — A 2 cr 3 — A 3 cr* — L.3.A 4 cr 6 - 1.3.5.A 5 cr 8 + • • •} 



TT"KpC < 



1 — (X -f- ] ) CT — 



4\ 3 + 5\ - 2 
32 



O" 



4 



&c. L 

j 



§16, The cyclic motion might have been started by applying an impulsive 
pressure Kp at all points of the aperture of the ring, this would produce an 
impulsive pressure at all points of the ring. To determine this, the velocity 
potential of the cyclic must be found at these points. It is easy to find an 
expression for the velocity potential at points not far from the surface of the ring. 

For 



Rdx 



1 dsfr 
gt dR 



1 d 



w dR 



{ AjJjsy + A 3 a 2 J 2 sy + A 3 a 4 J^ + . . . } 



A 1 



6R (1 — s cos x) 



1 + - s cos x — ( 



Z + 2 2Z - 1 



IT 0082 *)* 9 



'9Z + 12 
-^-cosx 



8^ — 2 
64 



»3 



31 + 2 62 + 7 

+ - ng - cos 2;( 



cos 3x )$ £ 

601 - 47 



128 



96 



3072 



cos 4x) 5 4 . . . 






XXotv 



c 2 R 3 (1 — s cos x) 



iniuM 




jtjLqw 




c"K 8 


(1 — s cos 


5 %) 


+ 




jcLjIv 




c*K* 


(1 — s COS 


X) 


1m 




1 


i n < 



f . s , /20Z-3 , . „ \ „ 

cos X + 2 + ( 32 C0S X + " 3 2 " C0S Sx l S 

'20/ + 37 3Z - 1 ' No. 

— ^ jg- cos 2 X - eff cos A X j s% &«. 

(2 cos 2x + (1 cos x — i cos 3x) s — \~ s 3 } 



{6 cos 3x + (8 cos 2x — cos 4x) s] + &; 



Expanding in ascending powers of or, and multiplying, d^jdx is easily 

expressed in cosines of multiples of x 
The term independent of x is k/2tt 
On integration, we obtain 

M 2 
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<3? = const + — x 



2tt 






A T \(l+ 2 , U + 2 



c 



S + 



64 



3 \ . , (61 + 



6Z + 7 9 . 15Z + 7 

6 W + 



38T" S ) Sm 2 * 






5/ + 4 






s 8 sin 3 X + 



+ 



Co 



201 + 37 o2 

1 -p " L 



32 



Hsinx+ U + 



m + 21 

"64"'" 



s 6 ) sm 2 X 



+ / 2 - s 2 sin 3 X + its s 3 sin 4 X 



A„cr 4 



+ ~£~ ("4 1 - 5 sin X + ( l + 1 « 3 ) sin 2 X + i * sin 3 X + #2 s 3 sin 4 X } 



A 4 6 f" a 

H — ^y s ~ 2 - 5 sin 2 X + 2 sin 3 X + i sin 4 X 



A —.8 

+ i 4 sin 4 X* 



<TS'" 



This holds only at points not far from the surface of the ring. 

At the surface of the ring s = cr. Substituting the values of the constants given 
in 8 14, we find that here 



$ 



k \ , 1 2X + 3 , 8X 2 + 26X + 11 „\ . , 16\ + 15 - . „ 
X + ( — ~ <r "i ^ ~ <H sm X H 5o — °" sm 2 X 



2tt 



64 



39 



57\ + 49 1 

H Jog — °" 3 sin 8x + &c - f • 

This gives the impulsive pressure at any point on the surface of the ring. 

The momentum of the cyclic motion may be deduced. 

It 

" c 
= 77 (c — • of Kp — <& sin x d$ 



W «l 



r27r 



Tr/cp (c — a) 2 — 27nx $ sin x(c — a cos X ) d! X 



7r/cp (c — a) 2 

2\ + 3 



t2tt 

^ tL 27rac\ (sinv 

27T Jo ' v 



fcp 



2 



-sin 2 X ) 



t ,_.. . - , 8\ 2 + 26A, + 11 ] . 16X4-15 . n w 
X + i —IT" o" + — TTj — cr 3 sm X + ^ cr 2 sin 2 X ) d x 



64 



7TK/ 



pG % \ 1 — 2<T + O" 3 + ( 2cr — 



cr 

"2 



2' 



Or 



.2 



32 



2A + 3 , 8X 3 + 26A, + 11 



2 



» i m iii , i | i .M l ii 



64 



GT Z ) + 



16\ + 1 5 

64 



cr 



TTKpC 1 \l — (X + 1) CT 2 — 



4\ 3 + -5\ — 2 
32 



cr 



.4 



which agrees with the result already obtained. 
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If the cross-section of the ring is very small 



a ai 



7T 



and 



<I> 



K, 



const + — « 

2iTT 



x + 



7+2 



Q JL 

O i 



31 + 2 
64 



s 3 ) sin x + 



'61 + 7 
32 



« 2 + 



1 5 + 7 
384 



sin 2^ 



+ --- — sSsm 3x+ — ^j- 1 s* sin 4x + . . . 



But in this case <& is proportional to O the solid angle subtended by the ring at 
any point." 

Hence the solid angle subtended by a circular ring at a point near it is 



2{-X 



7 + 2 



O "' I "" 



3]_+ 2 
64 



s 6 sm x """ 



'6Z + 7 , 



32 



15Z + 7 \ 
s 2 + -~^r~~ s 4 ) sin 2x — &c. 



§ 17. The kinetic energy of the fluid has been calculated for the different motions of 
the ring. To find the kinetic energy of the solid ring, its moments of inertia round 
the axis, and round a perpendicular to the axis through its centre must be found 

Let p be the density of the ring, and M' be the mass of the ring. 

The moment of inertia round the axis is 



fa f2ir 
2rrp' (c — R cos x) 3 R dR d x 
(HO 

"a 

= 4wy (c 3 + f cE fl ) R dU 

Jo 

= M' (c a + | a 3 )- 
The moment of inertia round a perpendicular axis is 



fa r2ir 
2np (c — R cos x) 
o J 



(c - E cos X )J + Ra gin3 , R rfR rf 



= W (~ + f a 8 ) + M\ 



a 
4 



3 



,2 



M'(^+fa 3 



§ 18, Therefore, p being the density of the fluid, M and M' the masses of the fluid 
displaced by the ring, and of the ring, respectively, the kinetic energy is given by 



2T = P (if + v*) + Rio* + A (V + o> 8 9 ) + Cg> 3 3 + Kk 2 , 
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where 

,., M /, 12X + 1 - . 144\ 3 + 24\ +57 A , , r , 
P = ir (l-- ir -a* + ^ <r*) + M, 

R = M (l + -~ <r* + 16 ^^~-^ 3 crA + M', 

C = M'c 2 (l + |o- 2 ), 

„ /, 4\ 2 + 8X + 1 „ 2\ s + 9X 2 + 6X - if A 
K = ^ "16 ^ 64 °- j ' 

Also the linear momentum of the cyclic motion is given by 

Z = 7T(?Kp< 1 — (X + 1) CT S — - — -~~~— or 4 

§ 1 9. The motion of a ring in an infinite fluid is discussed in Basset's ' Hydro- 
dynamics/ vol. 1, pp. 196-208. 

It is there shown that if a ring be set rotating with angular velocity co about a 
diameter of its circular axis, it will make complete revolutions if 



/ 

>z A / 



m > Ij a / — , 



AP (E - P) 
but will oscillate if 

v AP (E - P) 

Putting in the values of the constants, a very fine ring will make complete 
revolutions if 

and will oscillate if 



<a > — i a / 



ira 2 V p + 2p 



A possible steady motion of the ring occurs when it moves with velocity iv parallel 
to the axis, and has also an angular velocity XI round its axis. It is shown that this 
motion will be stable if 



is positive. 



(Rw + Z) [(R - P) w + Z] + ^f- P 
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Substituting, we see that the motion will be stable for any value of O if 



w + 5i)( w+ ^T7)) >0 - 



Therefore the motion is stable for all positive values of w, and for all negative 
values numerically less than 

fee p 



or numerically greater than 



TTO? 2 (p + p') 



KC 

7TCC 2 



The motion is stable for values of w between these values if 



~ 2p (a -f p') 2 / . kc\ ( , kg 



p' 3 (p + 2p') \ ' m-ay \ ' tto 3 2 (p + p') i 

The greatest value the right-hand side can have is 

« 3 c 3 p (3 P + 2 P Q 

TT 3 ^ // 3 

Therefore the motion is always stable if 

o -. KC A / dSpJLV) 
0> ^ V ^r— • 

Another possible steady motion of the ring is for it to move round in a circle, as if 
it were a rigid body attached to an axis in the plane of the ring. Mr. Basset shows 
that if T be the time of a complete oscillation, and r the radius of the circle described 
by the centre of the ring, then r = T/rir . Z/R. When the ring is very fine this 
becomes 

^ T GK p 
167T 3 a 2 p + p f 



Section V. — Annular Form of Rotating Fluid. 

§20. In order that a surface may be a possible figure of equilibrium of rotating 
fluid, it is necessary that V + |r&>V 2 sin 2 6 should be constant over the boundary. 

Let us assume that p = a (1 + /3 X cos x + fi% cos 2^ + )8 3 cos 3^ + . . .) is the 
equation to the cross-section of the annulus, and that j3 l9 /3 2 , &c, are small quantities. 
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Then, by making C the centre of gravity of the cross-section, we obtain the 
equation /3 X + AA + /3 2 /3 3 + • • • = I so that /3 X vanishes compared with /3 3 . 

We shall show that /3 2 is of order o- 2 , /3 3 of order cr 3 5 &c 3 where or denotes a/c, and 
is taken fairly small. 

To the first order of the small quantities /3 35 /3 3 , /3 4 , the potential of the ring is the 
potential of the solid ring r = a, together with the potential of a distribution on the 
ring of surface density a (/3 3 cos 2^ + /3 3 cos 3^ + /^ cos 4^), it will be most con- 
venient to find the potential in this way, and take account of the terms arising from 
/3/ separately. 




§ 21, — To find the Potential of a Surface Distribution a/3 3 cos 2^ on the Ring at 

a Point on the Axis, 

Let 

Z OCQ = x : / OCP = a : Z PCQ = <£. 

OC = c : CQ = a : CP = B. 

Then 

V - Q^a ( 2 * (g - g cos x) & cos 2% 
~ Jo a/(K 8 - 2aR cos 4> + a*) a * 

= — g— i J jcos 2 (<£ + a) - — cos (<£ + a) — - cos 3 (<£ + a) 



2c 



2e 



1 + g Pi + ^i P^ + &c. J-cty 



E 3 



27ra 3 c^ 3 
_____ 



r27r 







cos 2<£ cos 2a — - cos <f) cos 



cr 



~ cos 3<£ cos 3a 
1 + — r 1 + — P 3 •+ ... 



d<f>, 
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since such integrals as 



sin 2</> P„ (cos <j>) d(f> 



o 



vanish. Therefore 



V 



ty*7r£$@ r^ 75 " f c$ eft cfi 

— jr— ft cos 2a J \ :— cos 2(j> P 2 -f ™ c °s 2c^ P 4 + — cos 2^ P fi ~f , . . \d6 

xv " Jo [ X\i" .Lb ix J 






"IT" 



f2w r 
. 



- cos <f> r 1 — ~ =^ COS Pj 



hu .n 



J u 



» # 4 f WL'C// 



, 2irah ~ 



<"2ir 






c ^ ~ . -^ cr #* 







2 B 



- cos 3(f) P 8 — - ~ cos 3$ P fi f rf$ 






27T% 3 C 



#4 



,4 



,G 



A^-COS 2*\ | — + -^ g + iff ^ + . . . 



4 * R 2 ' * S" J> t » 5 12 j^c 



^ 2irhih cr J« , a s 

rS "p o *-^^ ( p •" 8 t>3 "i • * 



ft j£ 2 C08 1 8* 



11 s 128 K 5 



the integrals being found at once by using the expansions of P 1? P 3? &c, in cosines 
of multiples of <£. 

c 2c 3 4e* s 3c 

Substituting now - for cos a 5 ™ — 1 for cos 2a ? — — ~ for cos 3a : we find for the 

i.*> X\i JLv*' JL\ 



value of the potential 



V = 2«A>i8 B { - | g + (| aW + ^ «•) ^ 



R 



g w 1/ 



a 6 c 3 



R7 






Similarly, the surface density aft cos 3x gives 



V = 2?ra 3 £ft « 



a 8 c 



& 3 c g 



a% 3 



2.JL ™ 4, I w " _ 3 5 _ 
8 R B -T 2 E 7 " 8 2 R 9 



i » * * f 5 



and the surface density aft cos % gives 



V = 2ira/ l ejS 4t 
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To find the part of the potential involving /3 2 



2 




The potential of the ring at P is given by 



»27r^p 



Vr= 



%J t/0 



(c — r cos %) t dr d% 
V'R 3 — 2lir cos <fi -f r 3 



»2tt 



2tt 



cp 



2 



8 



o 



cos x J !> + 



'C/0 <o 



o 



Now 



therefore 



p = a ( I + /3 2 cos 2^ + • • .). 



.4 



cosx ) ™ + ■• * 



4 



E s 



p% = a 2 < 



g 



1 + 2/3 2 cos 2 X + . . . + ^ + t cos 4 X + 



A, 8 

4 



e e • 



P 



3/3/ , 3/5/ 



2 



2 



&c, 



^ a 



X- 



a 3 4 I + 3$j cos 2x + . . . + 9 + 7) cos 4x + • • • K 



Therefore, the terms which will give rise to terms of highest order in /3 2 3 at surface 
of ring are 



27ra 3 c/3 2 



9_o 2 



1 



4.K 



t> + I S~ fi cos 4 X P 4 (cos 4</>) 1 d<j> 



2^W ^ + Ml cos 4a | 






27T 2 a 3 ^ 2 2 |^ R + W R9 f • 



Collecting these results, the potential of the ring at P is given by 



V 

2ira z c 



>+? +i 



cr 



i/V ) 4 



O 



R 5 



O" 



^+A(f + M 



¥-^3 






E7 



5<X 3 

1024 



S^HZ 



y8 2 + 



SjP3 (Tr 



V 



R 9 ( 



f_4fWr 4 



2 i, 



ICJ 



3 5 ^2 _ 3 5^/3 „±„ 3 50 „L lllO 2) 
1 r56 a /% 3 2 °>>3 t 8P4T 38Pai 



4- &c. 
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§ 22. The potential at any point external to the ring whose polar coordinates are 
r, 6, is found by writing 

1 f ' *± &c 

7rJ \/{r % -f $ — or sin 8 cos <£) ? ** 

instead of 1/R, 1/R 3 , &c, as in Section II., § 5, 
Instead of 1/R, 1/R 3 , 1/R 5 , &c, we write 



J-T J-CJ JL«» .1., 



■1 ■*■% A 8 "H -o 



» J- r 



IT ' TV 9 37r> 3.57T ? 3.5.7tt* 

Therefore, the potential at any point outside the ring is given by 



2ira?c 



= A X I 2 + A 2 ac I 2 + A 3 aV I 3 + &c., 



wher 



:e 



A x = 1 + 



A! 

2 



cr 

A 2 = — g — 4 crp. 



cr 3 



A 3 = — Too + & (A + A °" 3 ) ~~ 8 °"A 



192 



cr 3 



A = ± ( — &i — ^^ — ^ 4- - 4 -4- 5/3 ^ 
6 3 V 2 M 256 32 "*" 8 "•" 32 

Using the expansions given in § 3 (A), the potential at a point R, x near the surface 
of the ring is given by 



V 

2tt« 3 



a // , „ , 2Z + 1 . . 108Z + 27 A , A /2J + 3 , 12Z + 5 9 \ , . 
^ 1 {l + 2+- ir # + -^g- s>) + A 2 cr ^— + — - ^ j + A 

r // 4 1 9£ + 3 ,\ /l 12Z + 11 \ 9 

+ cos x |A X ^-— s + ----- 6' 3 j + A 2 cr ( - + — -^— s) + A 3 o- 3 ~ 

+ cos 2 X | A, ^-- s 3 + —^ **J + A a cr [i + — —- s 3 

+ A 3 o- 3 (* + f ) + A 4 a^ | 
f 51 + 2^ 1 9 

-{- cos 3 X J Aj —— ■? s 8 + A«jo- 3% « + A 3 <r 3 - + A^ 3 s - 3 

+ cos 4 X |a x ^yt--^ «* + A 2 cr i| ¥ s 3 + A 3 cr 2 3^ + A 4 <r 3 ^ + A 5 cr 4 J 

where as before, Z stands for log (8c/R) ~ 2, s for R/c, and cr for a/c . 

N 2 



„ 36/ + 5.1 

3°" 



O^j 
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§23. At the surface of the ring 






a 9 



2 



is constant, Therefore 



CO 

2 



+ -■ (c — li cos x/ 



2 



is constant at the surface of the ring, or 



is constant, when 



Let 



w + i^ 1 -- 5008 *) 2 



6* = cr (1 + /3 2 cos 2^ + y8 3 cos 3x + /3 4 , cos 4^), 



be called f(s). 
Then 



27ra. 3 47m 2 



$ cos x)' 



/(«)=/(cr)+/(cr)or(&cos2 X + . . .) + If" (a) a* /^^-f^ ' 



Now 



/' (s) = A x 



1 z 



s °" 2s + W 



6 s 



and 



+ cos x 



< 



Ax 



I 



2~~ 



2 S' 

6/ + 1 



27m 2 



cosx 



+ |C0S 2x i A! — T" 6* 



2A. -* 



,0*" 



16 



o3 






ft) 2 C 2 



4i7ra 2 J 



/" (*) - ('£ + 



a o 



O 9 



+ JZ^z cos 2 X- 



4:7rcft] iira? 



Therefore, of' (cr) (/3 3 cos 2 x + &c.) 



,.o_i 



6\ 4- 1 

9 



a" 



As "T 



9 9 c>> 

ft) C G" J 

\tto? 2 



X 



+ ( Ai - 



A. 



cr 



2 



6)% 2 



2 4?r6r 



Cr /3 2 COS X 












A] ( ■— 1 + - o* 



A 



4 



co 3 c 3 * 
2 T 4tto 2 



2 



/?« + A 



4 



cr 



A ^ 



A 2 
2 



9 o 



are 



/a 



\ 



6\ ~j- 1 
"""32"" 



cr 



2 



47T(X 



^ ft-AA cos 3 % 



«0 3 « 3 <T 2 



X 



47r^2/^ + ( Al 4 a ' 



4 

.J. JL t> 



2 






<■} o 

arc* 



47m 3 



i 



cr 



A 



- COS \ 



:a) /3 3 - A^A cos 4x> 
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and 



~f" (a-) ft 3 ±±^ = £ ft* + £ A 3 cos 4* 



All terms which are of order higher than cr 4, have been neglected ; and throughout, 
it has been assumed that a> % c % /4wa^ is of zero order in -<r, j3% of the second order, j8 3 of 
the third, and so on— an assumption which will be justified by the result, 

The value of 



«)% 3 



+ z^( 1 - SC0B x) s 



2W J . ' 47TO 3 



at the surface of the ring is 



A x ( X + 2 -f 



2\ + 1 3 , 108\ + 27 4 , 6X + 1 2/0 . , 2 



16 






2048 
12\ + 5 



128 



') 



o- 3 + A, 



32 

' 36X + 51 
32 



a 



cr 3 - ft) + 



G.% 3 



of 
2 



i+o+Aa 



+ cos x |A X (^y-o- + -^j- a- 3 + j 0-ft) + A 3 (l + X „+ <r s 



64 



V , 12X + 9 



-t) 

a^-ft + l^ft + ^ft) 



cr 



+ A 2 (- + —^J- a* _£&_£&) .^(1+ fa*) 



+ A 4 So- + 



tt)%^ /cr 3 



- 



4ira 3 \2 



+ &-er& 



+ cos 3 X {A, (^ ± 2 * o* + | oft - /3 3 ) + A, (A a* 



s 



A) 



+ Aj + 2A,~^cr^ 



4?m 3 



s 



+ 



cos4 x {A 1 p Io tlM (r * + 



^^A + ^aft-A+f 



+ A 3 ( T f8 *» - i ft) + A 3 (A <r a - ft) 



-r jx 4 2 -r o a 6 -r 4to3 ^ 2 p a 



-er& 



> * 



Equating the coefficients of cos %, cos 2^ ? cos 3#, cos 4% to zero, we obtain four 
equations to find 



47T« 2 



:» ft, ft, and ft. 
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Substituting the values of A v A 2 , &c, these equations are 



*> * / 1 . AA , 4\ + 3 , 12X - 1 „ , 4A, - 1 n 

W ' + 2 + "IT + --128- °* + "IT ^ = °> 



"^ 



3X + If- 9 7X - If © V o- 

16 128 nra z 8 f 



9 < 



j 4.X. -f 1 ^ ft) 3 c 2 cr 3 

9 1 i r» v » 0/1 

^ 16 7ra" 4 






+ ft {(n - A) i - -„, 4 ) = o, V 



1024 a + 16 <r « 8+ 4 °^ 8 4 ft ' i 16 + 7r« 3 \8 Pa 4 /3 V~ U 'J 



<T 



These equations give 



ft) 

7T 



/3 



2 



1 - (X + |) a* }> 



P3 — 128 \ A 24/ cr 

ft — 75X 2 •+ 80X j- 21 4 
P 4 — 256 ^ 

where cr = a/c and X = log e (8c/a) — 2. 

The result co 2 /tt = (X + f ) cr 2 is given by Mme. Kowalewski in a paper on Saturn's 
rings in the ' Astronomische Nachrichten ' for 1885. She finds /3 3 = | (X + f)<r\ 
M. Poincare also gives a) 3 /7r = (X + |) cr 2 ? and finds & = f (X + f ) o> Both papers 
are given in Tisserand's ' Mecanique Celeste/ vol 2, The value found above has 
been kindly verified for me by Mr. Herman, Fellow of Trinity College, Cambridge. 

The numerical values of cu s /V, /3 33 &c, are given below when cr = ■£$, -^ i%. 



cr='l X = 2-3820 ^='0189 3 = -0001 /3 4 ^ 8 0003 



a-— 2 X= 1-6889 j8 s =-0570 ^ 3 = -0004 & = -0023 



<r=-3 X= 1-2834 /3 S = -1268 £ s = '0010 & - '0078 



ft)" 


= '0313 


TTp 




ft)" 






= -0970 


7T/J 






ftT 






- '1836. 



TTp 



A figure is given for the case of a = *3. 

The cross-section is roughly an ellipse whose major axis is perpendicular to the axis 
of the ring, The eccentricity of this ellipse increases with the angular velocity. 
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[When the paper was read, numerical results were given for larger values of a\ 
The above method cannot, however, be employed in such cases, For, as the 
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eccentricity of the cross-section increases, the expression given for the potential at 
external points will become divergent at the extremity of the minor axis of the cross- 
section. A similar result will occur if the potential of an elliptic cylinder be found at 
external points, considering it as an approximation to a circular cylinder. In this 
case it is easy to show that the eccentricity must be < 1/^2. Assuming the same 
result for the case of a ring, it will be seen that /3 2 = *20F6, the value the above 
method gives for a = "4, gives the cross- section of too great eccentricity for the series 
to be convergent. That the series were divergent for large values of /3$ was also 
suggested by one of the Referees. Aug., 1892.] 



